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ABSTRACT 
A two-dimensional phononic crystal (PC) can exhibit 
longitudinal-mode negative energy refraction on its lowest 
(acoustical) frequency pass band. The effective elastodynamic 
properties of a typical PC are calculated and it is observed that 
the components of the effective density tensor can achieve 
negative values at certain low frequencies on the acoustical 
branches for the longitudinal-mode pass-band, and that negative 
refraction may be accompanied by either positive or negative 
effective density. Furthermore, such a PC has a high anisotropy 
ratio at certain low frequencies, offering potential for application 
to acoustic cloaking where effective material anisotropy is 
essential. 
INTRODUCTION 
Phononic crystals (PCs) are artificial materials with 
specially designed microstructure to control stress waves [1]. 
Microstructure of a PC can be designed to achieve negative 
energy refraction at the interface of the PC and a homogenous 
medium at certain frequency ranges. This feature can be used to 
focus stress waves in a focal point in order to make flat acoustic 
lens for applications like ultrasound imaging. Furthermore, due 
to recent advances in transformational acoustics, which makes 
acoustic cloaking achievable [2], dynamic homogenization has 
become a powerful tool for microstructural design of the cloak 
[3]. This demands further understanding of dynamic 
homogenization techniques and their limitations. In this paper, a 
mixed variational method [4] is used together with dynamic 
homogenization [5] to study energy refraction in two-
dimensional PCs. Equifrequency surfaces (EFS) of a two-
dimensional PC made of epoxy matrix with steel inclusions are 
calculated using mixed variational method. Vectors of group 
velocity are studied and energy refraction at the interface of a 
homogenous half-space and the PC is investigated. Frequency-
dependent effective elastodynamic properties of the PC are 
obtained through micromechanical method to study overall 
behavior of the PC at different frequencies. 
In the recent years, there have been many efforts to study 
negative energy refraction behavior in PCs. Yang et al. [6] 
presented a combined experimental and theoretical study of 
negative refraction in three-dimensional PCs. They showed that 
three-dimensional PCs can be used to focus a diverging 
ultrasound beam into a narrow focal spot. Li et al. [7] used the 
multiple scattering technique and studied negative energy 
refraction of acoustic waves in two-dimensional phononic 
crystals. They showed that local resonance mechanism brings on 
a group of flat bands in low frequency region which provides two 
EFS’s close to circular leading to negative refraction. Croenne et 
al. [8] presented experimental evidence of negative refraction of 
longitudinal waves in two-dimensional PCs with a solid matrix. 
They fabricated a PC made of triangular arrangements of steel 
rods embedded in epoxy and carried out an experiment on a 
prism-shaped PC inside an epoxy block and observed negative 
refraction experimentally. Nemat-Nasser [9, 10] studied anti-
plane shear wave propagation in one- and two-dimensional PCs 
using a mixed variational formulation. He showed that negative 
energy refraction can be accompanied by positive phase-velocity 
refraction, and positive energy refraction can be accompanied by 
negative phase-velocity refraction. 
In this paper, a mixed variational method [11] is used 
together with dynamic homogenization [5, 12] to study energy 
refraction in two-dimensional PCs. Equifrequency surfaces 
(EFS) of a two-dimensional PC made of epoxy matrix with steel 
inclusions are calculated using mixed variational method. 
Vectors of group velocity are studied and energy refraction at the 
interface of a homogenous half-space and the PC is investigated. 
Frequency-dependent effective elastodynamic properties of the 
PC are obtained through micromechanical method to study 
overall behavior of the PC at different frequencies. 
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MIXED VARIATIONAL METHOD 
Consider a two-dimensional PC with rectangular 
inclusions and a unit cell shown in Figure 1. For a unit cell of the 
PC with the edges defined by ࢎఊ	ሺߛ ൌ 1, 2ሻ, the periodicity 
condition can be expressed as 
ܥ௝௞௠௡ሺ࢞ሻ ൌ ܥ௝௞௠௡ሺ࢞ ൅ ݉ᇱࢎఊሻ      
 ߩሺ࢞ሻ ൌ ߩሺ࢞ ൅݉ᇱࢎఊሻ (1) 
where ࢞ is the position vector, ߩሺ࢞ሻ is the density, ܥ௝௞௠௡ሺ࢞ሻ	is 
the elasticity tensor, and ݉ᇱ can be any integer. 
   
Figure 1: Unit cell of a two-dimensional PC with rectangular 
inclusions 
 
Consider harmonic waves with frequency ߱ and write the 
governing equation and stress-displacement relation as 
ߪ௝௞,௞ ൅ ߩ߱ଶݑ௝ ൌ 0 
ߪ௝௞ ൌ ܥ௝௞௠௡ݑ௠,௡ (2) 
where ݑ௝ and ߪ௝௞ are components of displacement and stress 
tensors, respectively. For harmonic waves with wave vector ࢗ 
the Bloch boundary conditions have the following form 
ݑ௝	ሺ࢞ ൅ ࢎఊሻ ൌ ݑ௝	ሺ࢞ሻ݁௜ࢗ.ࢎം 
ݐ௝ሺ࢞ ൅ ࢎఊሻ ൌ െݐ௝ሺ࢞ሻ݁௜ࢗ.ࢎം (3) 
where ࢚ is the traction vector. It can be shown that the 
eigenvalues of the problem can be found by rendering the 
following functional stationary 
ߣே ൌ
〈ߪ௝௞, ݑ௝,௞〉 ൅ 〈ݑ௝,௞, ߪ௝௞〉 െ 〈ܦ௝௞௠௡ߪ௝௞, ߪ௠௡〉
〈ߩݑ௝, ݑ௝〉  (4) 
In mixed variational method, components of stress and 
displacement tensors are to varied independently and are 
replaced by their Fourier series expansions. The problem is 
reduced to an eigenvalue problem which is then solved to find 
the dispersion relation of the PC. 
MICROMECHANICS FORMULATION 
A homogenization technique is used for calculation of the 
overall elastodynamic properties of two-dimensional PCs based 
on micromechanical method [13]. The solution to the equations 
of motion for a two-dimensional elastic composite can be 
expressed as the sum of the volume average and a disturbation 
term due to heterogeneities in the unit cell as 
ࣘ෡ ൌ ࣘ଴ ൅ ࣘௗ (5) 
where ࣘ෡  represents any of the field variables, stress (࣌ෝ), strain 
(ࢿො), momentum (࢖ෝ) or velocity (࢛ሶ෡). For Bloch type waves the 
field variables can be written as 
߶෠ሺ࢞, ݐሻ ൌ ܴ݁ሾ߶ሺ࢞ሻ ݁ݔ݌ሾ݅ሺࢗ. ࢞ െ ߱ݐሻሿሿ (6) 
where ࣘ represents the periodic parts of the field variables. The 
heterogeneous unit cell is replaced by a homogenous one with 
uniform density ߩ଴ and compliance ۲଴. Eigenstrains, ۳(ܠ), and 
eigenmomentums, ۾(ܠ), are introduced such that the pointwise 
values of the field variables are the same as the original 
heterogeneous solid. Therefore, the consistency conditions can 
be expressed as 
ࢿ ൌ ۲:࣌ ൌ ۲૙: ࣌ െ ۳ 
࢖ ൌ ߩ࢛ሶ ൌ ߩ଴࢛ሶ െ ۾ (7) 
Equations (7) are substituted in the governing equations (2) and 
the field variables are replaced with their Fourier series 
expansion. The consistency conditions and governing equations 
are then averaged over the unit cell and the integrals are replaced 
with their equivalent finite sums (see [5] for more details). Doing 
some simplifications the overall constitutive equations of a 2-D 
PC is obtained which has the following form 
〈ࢿ〉 ൌ ۲ഥ: 〈࣌〉 ൅ ࡿഥ૚. 〈࢛ሶ 〉  
〈࢖〉 ൌ ࡿഥ૛: 〈࣌〉 ൅ ࣋ഥ. 〈࢛ሶ 〉 (8) 
where 〈ࢿ〉, 〈࣌〉, 〈࢛ሶ 〉, 〈࢖〉, ۲ഥ , and ࣋ഥ are the average strain, average 
stress, average velocity, average momentum, effective 
compliance tensor, and effective density tensor, respectively; 
while ࡿഥ૚ and ࡿഥ૛ are the coupling terms. It can be seen that in this 
formulation, mean stress is coupled not only to mean strain but 
also to mean velocity, and mean momentum is likewise coupled 
not only to mean velocity but also to mean strain. It should be 
noted that, the effective compliance and effective density tensors 
are in general anisotropic. 
RESULTS AND DISCUSSION 
Consider a two-dimensional PC with square unit cell with 
dimensions given by ܽଵ ൌ ܽଶ ൌ 3	ܿ݉, and square inclusions 
with dimensions given by ܾଵ ൌ ܾଶ ൌ 1	ܿ݉. The matrix is made 
of epoxy and the inclusions are made of steel. Figure 2 shows the 
band structure of the PC for the first five modes. Figure 3 shows 
the comparison between the band structures obtained from 
mixed variational method and micromechanical method. It can 
be seen that as the frequency increases, the difference between 
the results obtained from these two methods increases. 
 
Figure 2: Frequency band structure of the two-dimensional PC 
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Figure 3: Comparison between the band structures calculated from 
mixed variational method and micromechanical method 
 
Figure 4 shows EFS of the composite together with vectors 
of group velocity for the acoustic longitudinal band and it is 
observed that depending on the value and direction of the wave 
vector, components of the group velocity and phase velocity 
vectors can be in the same direction (positive refraction) or 
opposite directions (negative refraction). For example, at 
ࡽ஺=(2.307, 2.307) the EFS contour is quasi-circular with 
antiparallel phase and group velocities resulting in negative 
energy refraction. 
 
Figure 4: Contours of EFS for the 2-D PC over the acoustic L-mode 
 
Furthermore, the contours of components of the effective 
compliance and effective density are calculated and it is 
observed that negative energy refraction can be accompanied by 
either positive or negative effective properties (see Figure 5). 
Figure 6 shows the values of the effective density, effective 
compliance, and effective coupling term along the ܳଵ-axis for a 
fixed value of ܳଶ over the acoustic L-mode. Negative energy 
refraction in this PC can be used to focus acoustic/pressure 
waves in a focal point in order to make flat acoustic lens for 
applications like ultrasound imaging, or to focus high intensity 
ultrasound acoustic/pressure waves for cancer treatment. In 
addition, it is observed that even though the unit cell and 
inclusions are square and symmetric, the homogenized medium 
is anisotropic. More importantly, the anisotropy ratio at some 
frequencies is very high which could be used for design of the 
cloak for acoustic cloaking where unit cells with high anisotropy 
are essential. 
 
Figure 5: Contours of effective density for the 2-D PC over the 
acoustic L-mode 
 
 
Figure 6: Values of (a) ̅ߩଵଵ, (b) ܦഥଵଵ, and (c) ܵଵ̅ଵଵ  along the ܳଵ-axis 
for a fixed value of ܳଶ over the acoustic L-mode 
CONCLUSION 
Stress wave propagation in a two-dimensional PC made of 
epoxy matrix with steel inclusions is studied. It is observed that 
over the acoustic longitudinal mode components of the effective 
density tensor can become negative. In addition, vectors of group 
velocity are studied and it is observed that negative energy 
refraction can occur at some frequencies over the acoustic 
longitudinal mode, which can be accompanied by either positive 
or negative effective density. Furthermore, it is observed that the 
PC exhibits a high anisotropy ratio for the effective density at 
some frequencies over the acoustic longitudinal mode, which 
could be used for design of cloak for acoustic cloaking where 
unit cells with high anisotropy are essential. 
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